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1. Number Fields

1.1. Ring of Integers

Definition (i) A number field K is a field extension of finite degree over Q. Its
degree [K : Q] is its dimension as a Q-vector space.

(#) An algebraic number «v ist an algebraic integer if it is a root of a monic polynomial
with integer coefficients. (Equivalently, if the monic minimal polynomial for «
over Q has Z-coefficients).

(7i1) Let K be a number field. Its ring of integers Ok consists of the elements of K
that are algebraic integers.

Proposition 1 (i) Ok is a (Noetherian) ring.
(i3) rankz O = [K : Q] i.e. O = ZI5YU a5 an abelian group.

(111) For every a € K some integer multiple na lies in Of.

Example Let d € Z\ {0,1} be squarefree and ¢, a primitive n'® root of unity.

K = Q, Ox = Z

Z[\/E], ford =2,3 mod 4;
K= @(\/&), Ok = {Z [1+2\/&] , ford=1 mod 4.
K = @(Cn)v Ok = Z[Cn]

Proposition 2 (i) Ok is the mazimal subring of K which is finitely generated as
an abelian group.

(ii) Ok is integrally closed in K, i.e. if f € Og[X] is monic and f(a) = 0 with
a € K, then a € Og.

Example In 7Z, however you factorise integers, you always end up with the same
factorisation into irreducible bits, at least up to order and signs:

24=8-3=2-4.3=2-2-2-3,
2 =6-4=(—2)(=3)-4=(-2)-(—3)-2-2.

The ambiguity in signs comes from the units not equal to 1 in Z. The unique factori-
sation in this form fails in general number fields, e. g. Q(\/—5), Ok = Z[\/—5]:

6=2-3=(1++v-5)-(1—+v=5),
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2 Chapter 1. Number Fields

and 2, 3, 1 ++/—5, and 1 — /=5 cannot be factorised into non-units. Thus Z[\/—5
is not a UFD. Instead one works with ideals.

1.2. Units

Definition A wunit in a number field K is an element a € Ok with a=' € Ok. The
group of units is denoted by O%.
Example (i) The units in Q are Z* = {%1}.

(7) The units in Q(4) are Z[i]* = {£1, £i}.

(4ii) The units in Q(v/2) are Z[v2]" = (~1,1+ v2) = {£(1 +V2)" : n € Z}.
Theorem 3 (Dirichlet's Unit Theorem) Let K be a number field. Then O is finitely

generated. More precisely:
Op 2 Axzntrt

where A is the (finite) group of roots of unity in K, r1 is the number of distinct
real embeddings K — R and ry is the number of distinct pairs of complex conjugated
embeddings K — C with image not contained in R.

Corollary 4 The only number fields with finitely many units are Q and imaginary
quadratic fields, 1. e. Q(\/—D) for an integer D > 0.

1.3. ldeals

Definition Let R be an integral domain. An ideal I C R is a subgroup of (R, +),
such that for all @ € I and r € R holds: ar € I. Notation: I < R.

Example (i) Let K = Q, O = Z and a = (17) the multiples of 17. Then « € a,
iff o is a multiple of 17. Multiplication of ideals is just the multiplication of its
generators: (3) - (17) = (51).

(i) Let K = Q(v/=5) and Ok = Z[v/=5] which is no PID.

I a=(2)

—

|

- .:

——— U ——— Y —— P
I I I

An ideal is, in particular, a sublattice of Ox. We will see that it always has finite index
in Ok (so I = 70,

Algebraic Number Theory



1.3. Ideals 3

Theorem 5 (Unique factorisation of ideals) Let K be a number field. Every non-zero
ideal of Ok admits a factorisation into prime ideals. This factorisation is unique up
to order.

Definition Let a,b < Ok be two ideals. Then a divides b (written a | b) if a-c=b
for some ideal ¢ < Ok. (Equivalently, if in the prime factorisations a = p”* - - - p™ and
b=p™ .. p™ we have n; < m, for all i.)

Remark (i) For o, € Ok we have (a) = (f) iff a = uf for some u € Of;.

(74) For ideals a,b <1 Ok we have a | b iff a D b (non-trivial).

(73i) To multiply ideals, just multiply their generators:

(2)(3) = (6),
(2,14+v=5)(2,1 —v/=5) = (4,2 — 2¢/=5,2 + 2/—=5,6) = (2).

(iv) To add ideals, combine their generators, e. g.
(2) +(3) =(2,3) = (1) = Ok.

Lemma 6 Let a,b < Ok be two ideals with prime factorisation a = [[p;* and b =
[1p". Then:
(i) anb = Hpmax{ni’mi} (least common multiple).

(2

(i) a+b=p"™ ™™} (greatest common divisor).

)

Proof. We will prove this by using part (ii) of the remark.
(7) This is the largest ideal contained in both a and b.

(7) This is the smallest ideal contained in both a and b. O
Lemma 7 Let o € Ok \ {0}. Then there is 5 € O, such that o € 7\ {0}.

Proof. Let X" + a, 1 X" '+ ...+ a1 X + a9 € Z[X] be the minimal polynomial of
a. Then o™ + a, 10" '+ ... + aja = —ag € Z \ {0}. So we can take 8 := o™ ! +
ap_ 10" 2+ .. . 4+a € Ok. O
Corollary 8 If a <1 Ok is a non-zero ideal, then [Ok : a] is finite.
Proof. Pick a € a\ {0} and g with N =af € Z\ {0}. Then

Ok :a] < [Ok : (a)] <[Ok : (N)] =[Ok : NOg] = |N|EU < o0 O
Definition The norm of a non-zero ideal a << Ok is

N(a) =[Ok : a].

Markus Schepke
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Lemma 9 Let o € Ok \ {0}. Then:
[Niesg(@)| = N((@).

Proof. Let vy,...,v, be a Z-basis for Ok and write T, : K — K for the Q-linear map
T, (v) = av. Then

|Nijg(a)| = [det Ty | = [(v1, ..., vn) : (v, ..., ovy)]
=[Ok : aOk] =[Ok : (a)] = N((«)). O

1.4. ldeal Class Group

Definition Let K be a number field. Define an equivalence relation on non-zero ideals
of Ok by
a~Db = FANe K" :a=\b.

The ideal class group Clxk of K is the set of classes {a <Ok :a # 0}/ ~.

Remark (i) The ideal class group Clk is a group, the group structure coming from
multiplication of ideals.

(74) The identity is the class of principal ideals.
(ii) Ok is a UFD, iff Clk is trivial.
Theorem 10 The ideal class group Cly is finite.
Exercise Let K = Q(\/—D) with an integer D > 0. Show that two ideals have the

same class, iff they are homethetic as lattices in C = R?, i.e. the ideal class shows the
shape of the lattice.

1.5. Primes and Modular Arithmetic

Definition A prime p of a number field K is a non-zero prime ideal of Og. Its residue
field is O /p (“F,”), its residue characteristic is p = char Ok /p. Its (absolute) residue
degree is f, = [Ok/p : Fp).

Lemma 11 The residue field of a prime is a finite field.

Proof. Let p be a prime. Then O /p is an integral domain. Corollary 8 implies that
|Ok/p| = [Ok : p] = N(p) is finite. Thus Ok /p is a field. O

Remark The size of the residue field at p is O /p| = N(p).

Example (i) Let K =Q, Ox =Z, and p = (17). Then Ok /p = Z/(17) = Fy7.

Algebraic Number Theory



1.5. Primes and Modular Arithmetic 5

(i) Let K = Q(i), Ox = Zli], and p = (2+41). Then Ok /p = F5 with representatives
0,4,5+1,2i,2 + 1.

(i7i) Let K = Q(i), Ok = Z[i], and p = (3). Then O /p = Fy (‘= F3[i]").

(iv) Let K = Q(\/E) with d = 2,3 mod 4 and Ok = Z[\/E} Let p be a prime of K
with residue characteristic p. Then Ok /p is generated by F, and the image of
V/d. The latter is a root of X2 — d over F,, so Og/p =F,, if d is a square mod p,
and F,2 otherwise.

Definition If a <« Ok is a non-zero ideal, we say x =y mod a, if x —y € a. E.g.
2=9 mod (7),
3=i¢ mod (2+1).

Theorem 12 (Chinese Remainder Theorem) Let K be a number field and py, ..., px
distinct primes. Then:

rmodpi* - pp* — (xmodpt, ..., xmodp,*).

Proof. Define

z — (zmodpi*, ..., xmodp,*).

Then
kery ={x:x=0 mod p;" Vi} = ﬂp;“ = pr’

It remains to prove that v is surjective. Lemma 6 implies

py’ + [ vl = Ox.
i#£]

so there is an a € p?j and 3 € Hi# p" with a + 8 = 1. Now =0 mod p;" for all
i # jand =1 mod p?j. Thus im contains ¥(5) = (0,...,0,1,0,...,0). This is
true for all 7, hence 1 is surjective. O]

Remark The Chinese Remainder Theorem implies that we can solve any system of
congruences

r = a; mod pi*,

r = a, mod ppr.

This is called the Weak Approximation Theorem.

Lemma 13 Let p <O be a prime ideal.

Markus Schepke
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(1) 1Ok /p"| = N(p)".
(ii) p"/p" Tt = Ok /p as an Ox-module (or abelian group).

Proof. The second statement implies the first one:

Ok /9" = |Ok /o] - [p/p?| -+ |p" " /p"| = N(p)".

By unique factorisation we have p" # p"*! so pick 7 € p™ \ p”TL. Thus p" | (7),
p" ™t (7)) and (7) + p"T! = p™ by Lemma 6. Define ¢ : Ox — Og/p" ™! by p(x) =
7z mod p" . Then:

imep = ((m) +p" ) pT ="
kerp = {o o€ p™} = o p™ | @@} = {oip| @) =p. O

Corollary 14 The norm is multiplicative:
N(a-b) = N(a) - N(b).
Proof. Use Theorem 12 and Lemma 13. [

Corollary 15 For all ideals a < Ok we have N(a) € a.

Proof. True for prime ideals as char Ok /p =0 mod p and hence lies in p. So true for
all ideals by Cor. 14. Actually, it is obvious anyway: N (a) must be zero in any abelian
group of order N(a). In particular N(a) =0 in Ok/a. O

1.6. Enlarging the Field

Example Let Q(i)/Q. Take primes in Q and factorise them in Q(%):

27[i) = (2) = (i+ 1) “2 is ramified”,
3Z[i] = (3) remains prime “3 is inert”,
SZ[i) = (5) = (2+4+14)(2—14) “b splits”.

Definition Let L/K be an extension of number fields and a << Ok an ideal. The
conorm of a is the ideal aQp, of Op. Equivalently, if a = («, ..., a,) as an Og-module
then a0y, = (ay, ..., a,) as an Or-module.

Remark (i) (aOp)(bOL) = (ab)Oy.

Warning: Sometimes, we write a for aQp as well.

Proposition 16 Let L/K be an extension of number fields and a < Ok a non-zero

1deal. Then:
N(aOp) = N(a)=E],

Algebraic Number Theory



1.6. Enlarging the Field 7

Proof. If a = («) is principal, then by Lemma 9:
N(aOp) = |Npjpla)| = |NK/Q(a)|[LIK] — N(a)EH,

so all is ok. In general, because Cl is finite, a* = (a) for some k& > 1. Hence:
N(aOp)* a4 (@"O,) = N(a*)l=K] c14 N ()R]

and so N(aOp) = N(a)FX] as well. O

Definition A prime q of L lies above a prime p of K if q | pOr. (Equivalently if
q2p.)

Lemma 17 Let L/K be an extension of number fields. Every prime of L lies above a
unique prime of K: q <Oy, lies above (qN Ok) < Ok.

Proof. First, q N Ok is a prime of Oy, and it is non-zero since it contains e.g. N(q)
(Cor. 15). So q lies above p = qN Of. If q also lies above p’ # p, then

qop+p =0x>1,

which is a contradiction. O

Lemma 18 Suppose q < Op, lies above p < Ok. Then Op/q is a field extension of

Proof. Define
v:Ok/p — OL/q by xmod p — xmodq.

This is well defined as q contains p. Moreover, ¢ is a ring homomorphism (with 1 — 1),
so has no kernel as Ok /p is a field, i.e. it is an embedding Ok /p — OL/q. O

Remark (to the proof) The “reduction modq” map on O extends the “reduction
mod p” map on Ok.

Example Let Q(¢)/Q. Take p = (3) <Ok and q = (3) < Op:

3 ‘

F

-4
Y

Fs
Then Z/(3) = Fj sits inside Z[i|/(3) = Fy in the natural way. Note also that (n) = nZ|i]
clearly has norm n? = nl@®:Q (cf. Prop. 16).

Definition 1If g lies above p, then its residue degree is fq/, = [Or/q : Og/p]. The

ramification degree is the exponent ey, in the prime factorisation pOp =[] q:q"/ b

Markus Schepke



8 Chapter 1. Number Fields

Theorem 19 Let L/K be an extension of number fields and p a prime of K.
(i) If pOr, decomposes as pOr = [~ qi*, with q; distinct and e; = eq, s, then:

Zeﬁh‘/P ) fqz'/P = [L : K]
=1

(11) If M/L is a further extension, vt <Oy lies above q < Or, and q lies above p < Ok,
then:

Cfp = Cjg-Capp and  fop = Jesg Jappe
Proof. (i) Using Cor. 14 and Prop. 16:

Vo1 = 0, = ([12) - TT e
- HN(p)fqi/p.eqi/p = N(p)zjqi/P'eqi/p.

(7) Multiplicativity of e follows by writing out the prime decomposition of pO,,.
That of f is the tower law:

[Om/v:0L/q]-[Or/q: Ok/p] = [Oum/t: Ok/p]. O

Definition Let L/K be an extension of number fields and p a prime of K with pOj, =
[I%, 95", Then p splits completely ift m = [L : K], i.e. ¢; = f; = 1 for all 4; p splits
if m > 1; and p is totally ramified in L if m = f; = 1 and ¢; = [L : K]. We will see
that where L/K is Galois, then e; = e; and f; = f; for all 7, j. Then we say that p is
ramified if e; > 1, and unramified if e; = 1.
Example (i) 5 splits (completely) in Q(z)/Q.
(i) 2 1is (totally) ramified in Q()/Q.

(74) p is totally ramified in Q((n)/Q.

16.10. Theorem 20 (Kummer-Dedekind) Let L/K be an extension of number fields. Suppose

Okla] € Oy has finite index N for some o € O with minimal polynomial f(z) €
Oklz]. Let p < Ok be a prime ideal not dividing N (so char Ok /p{ N ). If

f@) =[] gi(x)" mod p
i=1
for distinct and irreducible g;, then
pOL =[Ja  with  q;=pOL+ g:i(a)OL = (p,gi(a)),
i=1

where g;(x) € Oklx] is such that g;(z) = g;(x) mod p. The q; are distinct primes of
L, with eq,/, = €; and fq,/, = deg gi(x).

Algebraic Number Theory



1.6. Enlarging the Field 9

Example Let K = Q, L = Q(¢) and Op = Z[(5]. Take o = (5, so N = 1 and
f(X)=X*"4+ X34+ X? 4+ X + 1. Then:

e f(X)mod?2 is irreducible, hence (2) is prime in Oy.

(
e f(X)mod3 is irreducible, hence (3) is prime in Oy,.
)

Example Let K =Q, L = Q({ym) with p prime and Oy, = Z[(,m]. Then take oo = (pm,
so N =1,
X" —1

FX) = ey JO=(X =17 modp,

Thus p totally ramified in Q((m). If p # ¢ is also prime, then working mod ¢:

m d m
d{X?P —1,—(X? —-1)) =1
gc ( ? dX( )) ?
so XP" —1 has no repeated roots in Fq, hence f(X)mod ¢ has no repeated roots, hence

all e; are 1, i.e. ¢ is unramified in Q((ym).

Remark We can’t always find «, such that O = Ok|a]. However, by the Primitive
Element Theorem, we can find « such that L = K(«). Scaling « if necessary gives
a € Oy such that L = K(«); hence Ok has finite index in Op. So the theorem allows
us to decompose all except possibly a finite number of primes.

Proof of Thm. 20. Write A = Okla], F = Ok/p and p = char F. Then we define

Ox[X]/(f(X),p,0:(X)) — A/(pA+ gi(@)A)  via 2+ q, with

O [X]/(F(X), p, 6:(X)) = F[X]/(f(X), 5:(X)) = F[X]/(g:(X)).
So this is a field of degree f; = degg; over F, as g; is irreducible.
Now pick M € Z such that NM =1 mod p and consider

p: A/(pA+ gi(a)A) — Or/a;, ¢(zmodpA + gi(a)A) = xmod q;.

This is well defined as q; 2 pA + g;(a)A. Moreover, ¢ is surjective: If x € Op then
Nz € A, and

o(MNz)=MNz =2 mod g,
as MN =1 mod g, We know that Op/q; is non-zero since otherwise [ € pOp +
9:(X)Or. So both p and NM are in pA + g;(a)A, hence 1 € pA + g;(a)A, which is a
contradiction. Therefore Op/q; is a field extension of F of degree f; = degg; and g; is
prime.

Markus Schepke



10 Chapter 1. Number Fields

Now for i # j, as ged(gi(x), g;(z)) = 1, we can find A\(X), u(X) € Ok[X] such that
A(X)gi(X) + p(X)g;(X) =1 mod p,
Then q; + q; contains both p and
Ma)gi(e) + p(a)gj(e) =1 mod p,
so q; + q; = Or, and hence q; # q; for @ # j.

[Ta =T ®OL + gi(@)0L) CpOL + <H gi(a)“) Or =p0Oy,
as [[gi(@)¥ = f(a) =0 mod p. But

N (TTa) = TT (P = [ = |15 20 N poy),

so [[q;" =pOy. O

Proposition 21 Let L/Q be a finite extension, a € Or, with L = Q(a) and minimal
polynomial f(X) € Z[X]. If f(X)modp has distinct roots in Fy, then [Of : Z]o]] is
coprime to p. Hence, the Kummer-Dedekind Theorem applies.

Proof. Let F' be the splitting field of f with f(X) = [[(X — @), a; € F and p is a
prime of F' above p. As f(X) has no repeated roots in F, and f(X) = [[(X — &)
(with &; denoting the reduction mod p), the @; are distinct in Op/p. Hence:

H(oz,- — ;) Z0 mod p.
i<j

Let B1,..., 0, be a Z-basis for O, s0 (1 a ... )T = M(B, B2 ... B,)" for some
M € 7Z™"™ with det M = [OL : Z[a]]. Writing id = oy, ..., 0, for the embeddings
L — F, we have

1 | 1 1 1
H(az o) = oy az | @ oo(ay) -+ op(an)
i<j a’l”;*1 o e I [ 1 (1) e on(ar)" ™!
B ooa(B1) -+ on(B)
Y e N o O WS B
B 02(B) - oulB)
for some B € Op. Hence p1 [0y, : Z[a]]. 0

Proposition 22 Let K be a number field and p a prime of K. Suppose f(X) =
X"+ a, X" '+ .+ a1 X +ag € Og|X] is Eisenstein with respect to p, i.e. p| (a;)
for all i and p* t (ag). Then, writing a for a root of f, K(a)/K has degree n = deg f
and p is totally ramified in K(«).

Proof. See Local Fields (p. 48). O

Algebraic Number Theory



2. Decomposition of Primes

2.1. Action of the Galois Group

Definition Let F//K be a finite Galois extension of number fields. By Gal(F/K) =
Aut g (F) we denote the Galois group of F over K. Then:

(i) F/K is normal, i.e. if f € K|[z] is irreducible with a root in F' then f has all its
roots in F.

(1) |Gal(F/K)| = [F : K].
(7it) We have a 1-1 correspondence between subgroups and intermediate fields:

H < Gal(F/K) — FH",
Gal(F/L) +— KCLCF,

where F# = {z € F : 0(z) =2 V 0 € H} denotes the fixed field of F under H.
E.g.:
Q(C37 \3/5)

2N
Q(V2) 53 Q(¢s)
notm %%CQ
Q

Lemma 23 Let g € Gal(F/K).

(i) If « € Op, then g(a) € OF, i.e. Gal(F/K) acts on Op.

(i1) If a < Op is an ideal, then so is g(a) < Op.

(111) If a and b are ideals, then: g(ab) = g(a)g(b) and g(a+ b) = g(a) + g(b).
If q s a prime of F' above p, a prime of K, then:

(v) g(q) is a prime of F' above p, i.e. Gal(F/K) permutes the primes above F over
p.

(v) €qsp = €gayp and fom = fo(a)/p-

Proof. Clear. O]

19.10.
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12 Chapter 2. Decomposition of Primes

Example Let K =Q, F = Q(i), Op = Z[i] and Gal(F/K) = {id, o}, where o denotes
the complex conjugation. Then:

.“..

« @ o o

ARSI S
I

o (i+ 1) is fixed by Gal(F/K),
e (2) is fixed by Gal(F/K),
e (2+1) and (2 — i) are swapped by Gal(F/K).

Theorem 24 Let F/K be a Galois extension of number fields, p a prime of K. Then
Gal(F/K) acts transitively on the primes above p.

Proof. Let q1,...,q, be the primes above p. Required to prove: There is a g €
Gal(F/K) such that g(q;) = q2. Then

heGal(F/K)

So for some g € Gal(F/K) we have g(x) = 0 mod qo. Thus = 0 mod g~*(q2),
which implies ¢7'(q2) = q1 and g(q1) = g, respectively. O

Corollary 25 Let F/K be a Galois extension of number fields. If q1 and qs lie above
p then

€a1/p = Caz2/p and fql/P = ftu/P'
So we can write e, and f,.

Example Let F/K be a Galois extension of number fields and {q;,...,q,} the set
of primes above p. Knowing the action of Galois on {qi,...,q,} allows us to easily
find the number of primes above p in any intermediate field L — it is the number of
Gal(F'/L)-orbits on {qi,...,q,}. E.g. say Gal(F/K) = Sy, and there are four primes
qi,---,0qq4 in F above p, with S; acting in the usual way on the four points. Consider
H={id,(12)(34)} < Syand L = F#. Then Gal(F/L) = H acts transitively on the
primes above every prime of L, so the number of primes above p in L is equal to the
number of H-orbits on {qy,...,qs}, which is 2.

2.2. The Decomposition Group

Definition Let F'//K be a Galois extension of number fields, q a prime of F' above p,

Algebraic Number Theory



2.2. The Decomposition Group 13

a prime of K. The decomposition group Dy (= Dyj,) of q (over p) is the subgroup of
Gal(F/K) fixing q, i.e.

Dyjp = Stabgayr/i)(a) = {9 € Gal(F/K) : g(a) = q}.

Remark Every g € D, fixes q, so it acts on Op/q by zmodq — g¢(z)modq. This
gives a natural map Dy, — Gal((Or/q)/(Ok/p)).

Example Let K =Q, F = Q(i) and p = 3. The complex conjugation acts as
a+ bimod 3 — a — bimod 3 = (a + bi)* mod 3,

i.e. exactly as the Frobenius automorphismus x + 2 on Fy.

Theorem 26 Let F//K be a Galois extension of number fields, q a prime of F' above
p, a prime of K. Then the natural map Dy — Gal((Or/q)/(Ok/p)) is surjective.

Proof. Take f € Op/q with Or/q = Ogk/p(B) (e.g. a generator for (Ok/q)*).
Let f(X) € Og/p[X] be its minimal polynomial and 5 = fy,...,8, € Or/q its
roots. (Note: As F/K is a Galois extension, all roots lie in Or/q.) Because
Gal((Or/q)/(Ok/p)) is cyclic, g(B) determines g € Gal((Or/q)/(Ok/p)). So it suf-
fices to prove that thereis a g € Gal(F/K) with g(q) = q (i.e. g € Dyp) and g(8) = fo.
Pick o € O with @ = 8 mod q and « = 0 mod ¢’ for all other g’ above p. This is
possible by the Chinese Remainder Theorem (Thm. 12). Let F(X) € Ok[X] be its
minimal polynomial over K and o = a1,...,q, € Op its roots (again, all roots are
in F since F//K is Galois). Then F(X)modgq has § as a root, hence F(X)modq is
divisible by f(X), so F(X)mod q has /3, as a root. W.l.0.g. assume ap = 5 mod q.
Now take Gal(F/K) with g(a) = as. Then g(a) 0 mod q, so g(q) = q by choice of
a, thus g € Dy and g(5) = fs. H

Corollary 27  Let K be a number field and F'/ K the splitting field of a monic irreducible
polynomial f(X) € Og[X] of degree n. Let p be a prime of K and

f(X) = g1(X)g2(X) -+ - gr(X) mod p

with g;(X) € Ok/p[X] distinct irreducible polynomials of degree degg; = d;. Then
Gal(F/K) C S, has an element of cycle type (dy, ..., dy).

Proof. Let q be a prime above p. Let ay,...,a, € F be the roots of f. Note that
a; mod q is a root of fmodyp and that these are distinct (as the g; are distinct). Thus

the action of g € Dy on ay, ..., o, is exactly the same as on o; modq, . .. a, modgq. So
take g which maps to the generator of Gal((Op/q)/(Ok/p)) — it has the correct cycle
type on the o; mod g. O

Definition Let F//K be a Galois extension of number fields and q a prime above p.
The inertia subgroup I, = I/, is the (normal) subgroup of Dy, that acts trivially on
Op/q, l.e.

Iy = ker(Dg — Gal((Or/q)/(Ok/p))).
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Since Dy — Gal((Op/q)/(Ok/p)) is surjective, we have

Dy/1y = Gal((Or/a)/(Ok /p))-

The latter is cyclic and generated by the Frobenius map ¢(z) = x/9%/?l. The (arith-
metic) Frobenius element Frobg,, is the element of Dy/I; that maps to ¢.

Remark In Cor. 27, I, is trivial and Frob,/, acts as the element of S, of cyclic type
(dy, ..., d).

Theorem 28 Let F/K be a Galois extension of number fields and q a prime of F
above p, a prime of K. Then:

(1) [Daspl = €qpp - fasp-
(ii) The order of Frobg, is fq/p-

If K C L C F s an intermediate field and s is a prime of L below ¢, then:
(i) Dqss = Dqjp N Gal(F/L).
(v) Lojs = Ly O Gal(F/L).

Proof. (i) If n denotes the number of primes above p, then

n’Dq/p’ =|Gal(F/K)|=[F:K|=n" €q/p * Jasp-

(i) We have
fop = [0r/q: Ok /p] = | Gal((Or/q)/(Ox /p))l,

which is the order of Frob, /p-

(#1) The order of the decomposition group |Dg,| is the order of the inertia group |y, |
multiplyed by the order of the Frobenius element Frob,/,, hence

€a/p * Jasp
|Iq/p| = T/p = eq/P'

The rest follows straight from the definition. m
Example Let K = Q and F = Q(v/2,V3).

Q(v2,V3)

/ \
Q(v2) Q(v3) Q(v6
\ | /

)
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(i) Let p =2, and q be a prime in F above p. Then (2) = (v/2)? ramifies in Q(v/2).
It also ramifies in Q(\/g) and Q(\/@) since

X?-3=(X+1)? mod 2, and  X?—6=X? mod 6.

This is enough to ensure that 2 is totally ramified in F": By the multiplicativity of
e, we have e; > 2, and so |I,| > 2. Hence I, contains Gal (F/Q(\/E)) for one of

d=2,3,6, so the prime above 2 ramifies in F/(@(\/a) Therefore e; = 2-2 = 4,
and Iq = 02 X 02.

(i) Let p = 3, and q be a prime in F above p. Then (3) = (v/3)? = (3, v/6)? ramifies
in Q(\/g) and Q(\/é), but X? — 2 is irreducible modulo 3, and so (3) is prime
in Q(\/?) Hence e3 > 2 and f3 > 2, so there is a unique prime above 3 in
F, and e3 = f; = 2, i.e. (3) ramifies in F/Q(v2). By |Dy| = ef, we obtain
I, = Gal (F/Q(v?2)), and Dq = Gal (F/Q).

Example Let K = Q and F = Q((,), where ¢, is a primitive n'® root of unity. Let
p 1 n be a prime, and q a prime of F' above p. We know that p is unramified, so
Iy/p = {id} and Dy, = (Froby,,). The Frobenius element Frob, acts as z ~— z” on
Or/q, so Frobg/,(¢,) = (2 mod q. Since ¢, are distinct in Or/q as X™ — 1 mod p has
distinct roots, this implies Frobg,,(¢,) = (2. In particular, f;/, is the order of Froby,,
and hence the order of p in (Z/nZ)™.

2.3. Counting Primes

Lemma 29 Let F/K be a Galois extension of number fields. Then:
(i) The primes of K are in bijection with Gal(F'/K)-orbits on primes of F via

p — primes of F' above .

(11) If q is a prime of F' above p then gDy — g(q) is a Gal(F/K)-set isomorphism
from Gal(F/K)/Dy to the set of primes above p.

(1) The Galois group Gal(F/K) acts as conjugation on the decomposition group, the
wertia group and the Frobenius element:

Dy = qugila Loq) = 9[q9717 Froby(q) = g Frob, g "

Proof. Everything follows from transitivity of the action and elementary checks, re-
spectively. O]

Corollary 30 Let F//K be a Galois extension of number fields and L an intermediate
field. The there is a bijection between the set of primes of L above p, the Gal(F/L)-
orbits on primes of F' above p and the double cosets H\G/D,, where H = Gal(F/L),
G = Gal(F/K) and q is a prime of F' above p via the map that sends s to the elements
that send q to some prime above s.
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Remark With H\G/D we mean the set {HgD : g € G}, where HgD = {hgd : h €
H, d € D}. These partition G but don’t have equal size. The double cosets H\G/D
correspond to the H-orbits on G/D and to the D-orbits on H\G, where D acts by
d(Hg) = Hgd™'. What is the interpretation of D-orbits on H\G? Let H be the
stabiliser of a, where L = K (), i.e. we want Dg-orbits on the roots of the minimal
polynomials of «; equivalently on the embeddings L — F'.

Proposition 31 Let F//K be a Galois extension of number fields, L = K(«) an in-
termediate field, G = Gal(F/K) and H = Gal(F/L). Let q be a prime of F above
s <1 Op, and s above p, a prime of K. Consider the G-set (of size [L : K]) X = H\G
corresponding to the embeddings L — F' and the roots of the minimal polynomial of
respectively. Then there is a 1-1 correspondence between the primes of L above p and
the Dg-orbits on X, where eg),fs)p is the size of the Dy-orbit, ey, is the size of any
I4-suborbit, and fy), is the number of I-suborbits. Explicitly: s maps to the orbit of
g (), where g(a) lies above s.

Proof. The 1-1 correspondence is the correspondence constructed in Cor. 30 and the
last remark. Let N denote the size of the Dy-orbit of g~!(«). Then:

- -
| Stabp, (97! (a))| | Stabgp g1 ()|
| Dy - | Dy _ €q/pfasp

B |gDqg™! N H| B |Dg(q)/5| B eq/sfq/S.

Similarly, the size of Ij-orbits is eg;,. (Note: This is independent of the subscript!)
Moreover, the number of I;-suborbits is

Example Let K = Q, F = Q((, v2) and p = 73. Fix primes p and q above 73 in
Q(¢5) and F, respectively. First notice that 73 is a generator of (Z/5Z)”, so p has
residue degree 4. Moreover, we know that g/p is unramified since otherwise 5 | eq/73,
which cannot happen as there is no ramification in Q(+/2)/Q by the Kummer-Dedekind
Theorem (Thm. 20) because X® — 2 has distinct roots modulo 73. Hence we have
€q/73 = 1 and fq/73 = 4 or fq/73 = 20, i.e. ]q = {ld} and Dq = 04 or Dq = CQO
(generated by Frobg,73). But Cy is not a subgroup of Gal(F/Q) < S5, and so Dy = Cj.
Now take L = Q(+v/2). Then Gal(F/Q) permutes v/2, (sv/2, ..., (2v/2. W.l.o.g. we
can assume that Dy fixes v/2, and permutes the others cyclicly, while I, fixes all five.
Hence there are two primes in L above 73, with residue degrees 1 and 4, and ramification
degrees 1 and 1, respectively.

p—1

Example (Euler's Criterion ++4) Recall: a is a square modulo p iff a2 = 1 mod p,
for p { n. This follows from the cyclicity of F)*. Similar, for p { 3a:

e X3 — a has three roots modulo p iff a"5 =1 mod p.

e X3 — g is irreducible modulo p iff a”5 is a Toot of X2 + X + 1 modulo P.

Algebraic Number Theory
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e X3 — a has one root modulo p iff p =2 mod 3.

For a generic polynomial, we cannot exploit the cyclicity of F). Instead: Let f(X) =
X3 4+ bX + ¢, with b,c € Z, and F be its splitting field, with roots a, 3, and . For
g € S3 (permuting «, (3, and 7) consider

ag(a) + Bg(B) +vg(7)-

It is a root of one of

Di=X—(++7") =X~ (a+f+7) +2f +ay+ fy) = X +2b,

Iy = (X —(af+ Ba+7)) (X = (ay+ 2+ 7)) (X — (& + By +78))
= X3 — 302X — > — 27¢,

[y = (X — (@B + By +72) (X — (a7 + Ba+78)) = (X —b)>.

(Simply oben brackets, and rewrite in terms of the symmetric functions o+ 5+~ = 0,
af + avy+ py =0b, and afy = —c.) Now take p, and a prime q above p in F. To
determine the factorisation of f(X) modulo p, look at Froby,: If f(X) has distinct
roots modulo p (this is equivalent to p { 40® + 27¢?) then the number of roots modulo p
is equal to the number of fixed points of Frobg,,. (The action of Frobg,, on «, /3, and
~ corresponds to the action of ¢ : x — 2P on «, 8, and 7 modulo q.) So compute

a Froby,(a) + B Frobg,(8) + v Froby,(v) = o™ + g7 + 4771 mod q

00 —]"
=Tr |1 0 —b mod p
01 0

(= Trm, o)/ xz4bx e (2771))

where we could have taken any matrix with eigenvalues o, 3, and . Therefore, if
p 1 3b(4b* + 27¢%) (so 'y, Ty, and T's have no common roots modulo p) then f(X)
has three roots modulo p. Let T" denote the trace of the above matrix, then this is
equivalent to "= —2b mod p. Furthermore, f(X) is irreducible iff "= 0 mod p, and
f(X) has one root iff T' is a root of X3 — 3b2X — 2b* — 27¢* modulo p.

2.4. Interlude: Induced Representations

Definition Let G be a finite group. If X is a finite G-set (of size n), we associate to it
the n-dimensional representation C[X] which has {e, },cx as a basis and with G-action

g (Z )\xez) = Aalya).

The number of G-orbits on X can be recovered as (1, C[X]). The character of C[X] is
given by

xeix)(9) = #{r € X : g(z) = x}.
Let H be a subgroup of G of index n and let V' be an H-representation. The induction

of V to G is
Indg V' := Homcg,v -

Markus Schepke
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Concretely, if g1,..., 9, is a set of left coset representatives of H, take Ind V' to be n
copies of V' with G-action determined by

9(0,...,0,v,0,...,0)=(0,...,0,h(v),0,...,0),
where the i*" entry v gives the j™ entry h(v) when gg; = g;h with h € H. Note that
if V =1 then Ind§ V simply gives C[G/H]. The character formula is
1 _
Xmav(g) = H] Z xv (zg27") .
z€G:zgz— e H
We have: dimInd$ o = [G : H] - dim .

Example (Induction vs Restriction) Take G = S; and H = S3 < G. The character
tables are:

11 1 1 1 1 |1 (%%) (xx%)
s |1 -1 1 1 -1 11 1 1
T2 0 —1 2 0 el -1 1
Vi3 1 0 —1 -1 o|l2 0 -1
wi3 -1 0 -1 1

Representations restrict from G to H as follows (trivial computation):
e Res¥1=1,
e Res s =¢,
° Reng = o,
° ResgV: 1® o, and
e Resh W =c@o.
Induction from H to G works as:
e ndf1=10V,
e nd5e=s®W, and
e ndGo=TaVoW.

Theorem (Frobenius Reciprocity) For V' a representation of H and W a representation
of G with H < G we have

(V,Resg W), = (Ind§; VW),

Theorem (Mackey's Formula) Let D, H < G and let ¢ be an H-representation. Fix
X ={x1,...,x2,} a set of H-D double coset representatives, and for x € X define the
' Hz-representation o° by o (x 'gx) = o(g). Then:

G G~ D " Hzx T
Resp Indj; 0 = @ Ind;~1 gpnp Resy -1 pganp 07

zeX

Algebraic Number Theory
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2.5. Representations of the Decomposition Group

Fix the following setting: Let F//K be a Galois extension of number fields, p a prime
of K, q lies above p, D = Dy),, I = I),, Frob = Frob,,, and G' = Gal(F/K).

Remark If L is an intermediate field and H = Gal(F'/L). Then the number of primes
of L above p is equal to the number of H-orbits on G/D (Cor. 30), which is equal to
<Res§ Ind$ 1p, 1H>H = <1D, Res$ Ind$ 1g>D, which is the number of D-orbits on the
embeddings G < F' as in Prop. 31.

Definition If V is a representation of D, write V! for the subspace of I-invariant
vectors. As I < D, this is a subrepresentation.

Exercise Check this — if v € V7 then so is gv, because for h € I, we have h(gv) =
gh'v = gv for some I/ € I.

Lemma 32 IfV is an irreducible representation of D, then either VI = 0 or V is

1-dimensional, lifted from D/I = (Frob), i.e. D — D/I — C*. (These kill I and are
determined by the action of Frob.)

Proof. As V! is a subrepresentation, we have V! =0 or V! = V. If VI =V, then the
action of D factors through D/I. The latter is abelian, so V' is 1-dimensional. O

Remark So representations of D look like V = A @ B with A = 0 and B! = V|

which is the direct sum of 1-dimensional representations of D/I. (A representation
with VI =V is called unramified, else ramified.)

Definition For the characteristic polynomial of the Frobenius element on V! we write
<I>q/p(V, t) := dety:(tid — Frobq/p).

Lemma 33 Let ¢ : D — D/I — C* be a 1-dimensional representation of D with

Y(Frob) = (, a root of unity. Then (¢, V) = <w,VI> is equal to the multiplicity of

(t =) in g (V. 1).

Proof. Clear from the previous remark. O

Remark Thus ® simply encodes the multiplicities of the 1-dimensional representation
of D/I in representation of D.

Proposition 34 Let K C L C F be an intermediate field and V' a representation of
H = Gal(F/L). Then

op(Resp Indpy V,t) = [ [ @.je(Resp | Vithor),
S

where s ranks over the primes of L above p, and ¢, a prime of F', lies above s.

Markus Schepke
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Proof. We will show that the LHS and the RHS have the same roots, with the same
multiplicities. Note that the roots are f; /pth roots of unity. Let ¢ be such a root and
take ¢ : D — D/I — C* with ¢(Frob) = (. Let N denote the multiplicity of ¢ — ¢ in
LHS, then:

133
N = (4,Resplndf V),
Mackey D -1y
= E <1/J7 Ind; =1 p7,np Resy-11720p Vx>D
x€H\G/D
L29(i) “1 D,.
2 S (0 nd ) Resfy v
a;/s a;/s D
5 a;/p
Frob. Rec. D,. -1
rotee E Res, /" " Resh V
a;/s a;/s D..
5 a;/p
L33

= Z mult. of t — ¢/+» in Qin/ﬁ(Resgq_/s V., t)
= Z mult. of t — ( in q)qi/B(Requi/s v, tfs/p), 0

Corollary 35 Take 1, : D — D/I — C* which maps Frob to a primitive n'* root of
unity (with n | fy,). Then the number of primes s of L above p with n | fs, is equal
to <@Zzn, Res$ Ind% 1H>D.

Proof. We have:

(thn, Res% Ind 1H>D 2 mult. of ¢ — ¢, in ®,/p(Resp Ind® 1,2

2 mult. of t — ¢, in Hq)qi/p(l,tfﬁ/")
5

= mult. of ¢t — (, in H(tfs/ﬁ —1)
5
= number of primes s with n | f;,. O

Exercise Deduce Cor. 35 straight from Prop. 31.
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3. L-Series

In this chapter, we want to prove two statements: 30.10.
(i) If (a,n) = 1 then there are infinitely many primes p = a mod n.

(i) If f(X) € Z[X] monic and f(X)modp has a root for every prime p, then f is
reducible.

The method will use certain infinite series.

Definition An (ordinary) Dirichlet series is a series
f(s) = Zann”, a, € C, seC.

n=1

Warning: Traditionally, the complex variable is s = o + it.

3.1. Convergence Properties

Lemma 36 (Abel's Lemma) Let a,, and b, be sequences in C. Then:
M M—1/ n M
D by =) (Zak) (bn = bnt1) + (Zak> bt
n=N n=N \k=N k=N

Proof. Elementary rearrangement. Cf. integration by parts with a <> dv and b < du:

[udo=pul - [ vau m

Proposition 37 Let f(s) = Y. a,e " where A\, — 00 is an increasing sequence of
positive real numbers.

(i) If the partial sums 224:]\/ a, are bounded, then the series converges locally uni-
formly on R(s) > 0 to an analytic function.

(ii) If the series f(s) converges for s = so, then it converges locally uniformly on
R(s) > R(so) to an analytic function.

Note: Dirichlet series are a special case for A\, = logn.
Proof. First note that the first statement implies the second one. Change the variables:

s' = s — 39 and a, = e *%0q,. The new series converges at 0 and so must have
Mo . :
> _n @, bounded. Then invoke (i).



22 Chapter 3. L-Series

Now we will show uniform convergence on —A < Arg(s) < A, with R(s) > §. This will
suffice, as the uniform limit of analytic functions is analytic. Let € > 0. Find Ny such
that for n > Ny we have |e™*"*| < ¢ in this domain. Now compute for N, M > Ny:

M M-1 n
S 23 () e (L)oo
n=N n=N
M—1
- -2
<B- ‘ ns _ g n+1s)|+B€7
n=N

where B is the bound on |} ax|. Observe:

67 B B |S| B s
8/6x8d$§|5|‘/ |€ IU‘dSEZ (e as _ o 0)7

—as efﬁs‘ — 10
o
where 0 = R(s). So we have:

le

M o M
7An8 < i~ )\n+10
S| <MY )+ e
n=N n=N
—_ BM (efANU o 7)\]\/[0') + BE
o
<e (BH + B) <e(BK + B),
o
where % < K in our domain. Hence we have uniform convergence. O

Proposition 38 Let f(s) = Y. an,e *"* where )\, — oo is an increasing sequence of
positive real numbers. Suppose that a, € Rsq, the series f(s) converges on R(s) > R
for some R € R (and is hence analytic there), and it has an analytic continuation to a
neighbourhood of s = R. Then f(s) converges on R(s) > R — ¢ for some £ > 0.

Proof. Again we may assume R = 0. Since f is analytic on R(s) > 0 and on |s| < 9,
f is analytic on |s — 1| < 1+ . The Taylor series of f around s = 1 converges on all
of |s — 1| <1+ ¢, in particular

= 1
)= 3 (-0 )
k=0
converges. For R(s) > 0, we have
= 3 (A
n=1

The term-by-term derivation is allowed by the locally uniform convergence. Thus we

have o
(D FB(1) = anhie ™,
n=1

Algebraic Number Theory
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a convergent series with positive terms. Hence:

_§ :aeA"e)‘"He) § :

n=1

Note that the order of summation does not matter as all terms are positive. This is a
convergent series, thus the series for f converges at s = —e and hence on R(s) > —¢
by Prop. 37. O]

Theorem 39 (i) Ifa, are bounded, then Y a,n~° converges absolutely on R(s) > 1
to an analytic function.

(i) If the partial sums Y2\ a, are bounded, then 3 a,n™ converges on R(s) > 0
to an analytic function.

Proof. (i) Since > n~* converges for real x > 1, analyticity follows from Prop. 37:

D

(7i) Follows immediately from Prop. 37.

<K Z— for x > 1.

]

Exercise If > a,e ™ and Y b,e** converge on R(s) > 0y to the same function
f(s), then a, = b, for all n.

3.2. Dirichlet L-Functions

Definition Let N > 1 be an integer and ¢ : (Z/NZ)* — C* a group homomorphism. 02.11
Extend v to a function on Z by

b(n) = {w(nmod]\f), if (n, N) =1,

0, else.

Such a function is called a Dirichlet character modulo N. Its L-series (or L-function)
1s
=D v(mn-
n=1

Remark The map v : (Z/NZ)* — C* is also sometimes referred to as a Dirich-
let character. Warning: Note that ¢ : (Z/NZ)* — C* is simply a 1-dimensional
representation. Number theorists have the (bad) habit of referring to 1-dimensional
representations as characters.
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Lemma 40 Let ¢ be a Dirichlet character modulo N. Then:
(i) Y(a+ N)=1(a), i e. ¢ is periodic.
(11) ¥(ab) = ¥ (a)y(b), i. e. ¢ is strictly multiplicative.

(1) The L-series of 1 converges absolutely on R(s) > 1 and there satisfies the Euler

product:
1

Ln(,s) = 1;[ T o

Proof. The first two statements are obvious from the definition. The L-series coef-
ficients ¢(n) are bounded, so absolute convergence follows from Thm. 39 (i). For
R(s) > 1 we have:

St =L+ 0l + v +..) = []

pEP peP

by (ii), the absolute convergence and the geometric series. O]

Example Take N = 10, so (Z/NZ)* = {1,3,5,7} = C, and take (1) = 1, ¢(3) = 1,
Y(7) = —i and ¢(9) = —1. Then:

L10(¢>3)=1+;—;—_+

Remark The case ) =1: (Z/NZ)* — C* with ¢»(n) =1 for all n € (Z/NZ)™ gives
the trivial Dirichlet character modulo N. In this case:

Lu(1,s) = (s)- [[1—p),

pIN

where ((s) = > n~* is the Riemann (-function.

Theorem 41 Let N > 1 and ¢ : (Z/NZ)™ — C*.

(i) If ) is the trivial character, then Ly (1, s) has an analytic continuation on R(s) >
0 except for a simple pole at s = 1.

(i1) If ¢ is non-trivial ist, then Ly(1), s) is analytic on R(s) > 0.
Proof. (i) Follows from the last remark and the fact that ((s) has an analytic con-
tinuation to R(s) > 0, except for a simple pole at s = 1.

(71) We have a representation of (Z/NZ)™ and 1) is non-trivial, so

A+N-1
Sowm = S wn) = (1) =0.
n=A ne(zZ/NZ)*

So the sums 3.7, 16(n) are bounded, and the result follows from Thm. 39 (ii). [
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Theorem 42 Let iy be a non-trivial Dirichlet character modulo N. Then the L-
function does not vanish at s =1, i.e. Ly(1,1) # 0.

Proof. Let
(n(s) = H Ln(x, $).

x:(Z/NZ)* —Cx

Suppose Ly(1,s) = 0. Then (y(s) has an analytic continuation to R(s) > 0 by
Thm. 41, the pole from Lx(1,s) having been killed by the zero of Ly(%,s). On
R(s) > 1, (y(s) has the absolute convergent Euler product

HHl_ HHl_ -

pIN X

Now
[0 = x)T) = (1 = T7/)e™/ 5,

X

where f, is the order of pmod N and ¢ is the Euler totient function. Indeed the x(p)
are f,"™ roots of unity, each occuring ¢(N)/f, times, and

fr—1
[[a-¢m=1-1"
=0

So on R(s) > 1, {n(s) is a Dirichlet series given by
CN(S) = H (1 + p*fps _i_p*prs + .. ')‘P(N)/fp )
pIN

By Prop. 38, as (y(s) is assumed analytic on R(s) > 0 and this series has positive
coefficients, the series must converge on R(s) > 0. But for s > 0 real it dominates

H (1 _._p*Sf’(N)s _|_p72<'0(N)s + .. ) = LN(la @(N)S)a
pIN

which diverges for s = 1/¢(N). So we have a contradiction. O

3.3. Primes in Arithmetic Progressions

Proposition 43 Let v be a Dirichlet character modulo N . 04.11.
(i) The Dirichlet series

Z Y (S)n b
peEP,n>1

converges absolutely on R(s) > 1 to an analytic function and defines (a branch
of ) log L (1), s) there.
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(i1) If v is non-trivial then Z@p‘”s is bounded as s — 1. If ¢ = 1 then for

s —1: . .
Z ¢(p) pfns ~ log )
n s—1

peEPn>1

Proof. (i) The series has bounded coefficients, so converges absolutely on $(s) > 1
to an analytic function by Thm. 39 (i). For fixed s with (s) > 1, we have

Z @p—ns _ Z (w(p)p—s + (w(p;p_s)2 + (w(pép—s)?) + .. )
—Zlogl_ lognl_ tp = log Ly (v, ).

Hence > Wp*m is an analytic branch of log Ly (1, s) on R(s) > 1

(79) By Thm. 41, if ¢ is non-trivial, then Ly(1,s) converges to a non-zero value as

s — 1, so its logarithm is bounded near s = 1. For the trivial character, Ly (1, s)

has a sunple pole at s = 1 (hence ~ -2-), so for s — 1

1
log Ly (¢, 5) ~ log —.

Corollary 44 (i) If ¢ is non-trivial, then > 1 (p)p~° is bounded as s — 1.
(11) If b =1 then

> wppt=> p~log . i
p PN

as s — 1. In particular it diverges to infinity as s — 1.

Remark The second statement implies that there are infinitely many primes.

Proof. We have

> Wwp)p~* =log Ly (i, 5) = > w

p,n>2

so it is sufficient to check that the last term is bounded on R(s) > 1. But if £(s) > 1
then

w(p) ] = |
P%Z:? " |p’n Z’P"p‘—l Z (p_1)§2k2<oo,

as R(s) > 1. O

3

p,n>2

Theorem 45 (Dirichlet's Theorem on Primes in Arithmetic Progressions) Let a and N
be coprime integers. Then there are infinitely many primes p with p = a mod N.
Moreover, if P, ny denotes the set of these primes, then for s — 1:

S L
s p(N) s 1
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Proof. The first statement follows from the second since logg%1 — o0 as s — 1.
Consider the (class-)function

1, ifn=
Cun: (Z/NLZ) — C*  with  Conn)=4 =~ "
’ ’ 0, else.

Then

s0 Cy =5 X X(@) X2 x. Hence:

X ¢(N)
c. _ x(@) ¢ x(»)
T RO S sy

By Cor. 44, each term on the RHS is bounded as s — 1 except for y = 1, and

@ _~10)_ 1 g~ 1
G it o D Do el

S S
~ P ~p

S

as s — 1. O

3.4. An Alternative View on Dirichlet characters

Remark We have an isomorphism
(Z/NZ)* — Gal(Q(¢(w)/Q), a0, with 0,(Cy) = (R

If q is in Q(¢n) above p then o, = Froby,. Thus for any q/p we have the correspondence

1 1
1—(p)p=* s 1 — 4(Froby,)p~

N

Theorem 46 (Hecke) Let F/K be a Galois extension of number fields with abelian
Galois group Gal(F/K) and a homomorphism v : Gal(F/K) — C*. Then

1

Li(¢,s) =

A;IK 1 —p(Frob, )N (p)~—*
unramified in F/K

has an analytic continuation to C, except for a single pole at s =1 when ¢ = 1.

Proof. Way beyond the scope of this course. O]

Remark When K = Q and F' = Q((,), this recovers Thm. 41.
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3.5. Artin L-Functions

Definition Let [ < D be finite groups and ¢ a D-representation.
(i) The [-invariant vectors of g are denoted by of = {v € 0:g(v) =vV ge I}

(71) If I <0 D then o! is a subrepresentation. (If v € o/, g € D and i € I, then
i(gv) = (ig)v = gi'v = gv for i’ € I, so gv € o!.)

(ii) If \; € C and ¢; € D, write

det <Z >\z’9i|@> = dgt (Z Ain’) .

Equivalently, viewing ¢ : D — GL,(C), then

det (Z )\igi\g> = det (Z AiQ(Qi)) ;

e.g. characteristic polynomial of g € D on g is det(T — g|o).

Warning: There is a constant abuse of notation by denoting both the vector space and
the homomorphism D — GL,(C) by o.

Definition Let F'//K be a Galois extension of number fields and o a Gal(F/K)-
representation. Let p be a prime of K. Choose a prime q of F' above p, and choose
an element Frob, € D/, which maps to Froby, € Dq/y/1y/, i.€. that acts as the
Frobenius automorphism on the residue field. Then the local polynomial of o at p is

P,(F/K,0,T) = P,(0,T) = det(1 — T - Frob, |o™),
where I,g = Iy/p-

Remark 47 This is essentially the characteristic polynomial ®,/,(0,T) of Frob, on o:
If Po(0,7) =1+ aT+asT*+ ...+ a,T", then @y (0,T) =T" + ay T + asT" 2 +
...+ a,. Moreover, if dim o = 1, then:

1 — o(Frob,)T, if o'* = p,
PP(Q7 T) = < p) . T,
1, if o'» = 0.
Lemma 48 The local polynomial P,(0,T) is independent of the choice of q and the
choice of Frob.

Proof. For fixed q, the independence of choice of Frob, is clear: two choices differ by
an element of I,, which acts trivially on . If ' is a different prime over q, write
q'" = g(q) for some g € Gal(F/K) and observe that Frob, = gFrob, ¢g~" is a “lift of
the Frobenius for ¢'/p”. The eigenvalues of Frob, on glas = g9%wd™" = g(p) are the
same as of Frob, on o. Hence their characteristic polynomials agree, and so P,(o,T)
is independent of the choice of g. O

Algebraic Number Theory
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Definition Let F//K be a Galois extension of number fields and ¢ a representation of
Gal(F/K). The Artin L-function of o is defined by the Euler product

1
L(F/K,o,s) = L(o,s) = pg}( Plo. NG )

The polynomial P,(p,T) has form 1 — (a;T + asT? + ...), so we can write (ignoring
convergence)

1
PP(Qa T)

=1+ (@T+aT?+..)+(@T +aT?+..)° +...=1+aT +apT*+...

Formally substituting this into the product gives the expression (Artin L-series):
L(g,s) = [+ apN(p) " + a2 N(p) ™ +...) = Y aN(n)™
p 07511<10K
for suitable a, € C. Note that grouping ideals with equal norm yields an expression

for L(p, s) as an ordinary Dirichlet series.

Lemma 49 The L-series expression for L(p,s) agrees with the Euler product on
R(s) > 1, where they converge absolutely to an analytic function.

Proof. 1t suffices to prove that
IT (C+aNe) ™ +aeNp) > +...)
p<Oxk

converges absolutely on $(s) > 1: this justifies rearrangement of terms and the Dirich-
let series expression for L(p,s) then proves analyticity (Prop. 37). The polynomial
P,(0,T) factorises over C as

Py(0,T) = (1 = \T)(1 = AT) -+ (1 = \T)

for some k < dim g and |)\;| = 1. So the coefficients of

1 1
= =14 a, T+ apT?+ ...
Fy(o,T)  TI = NT) ’ P

are bounded in absolute value by those of

1
(1 _ T)dimg

= (14+T+T*+ .. )dime

Hence:

s 1 1 dime
112 lewel- ™1 < 1] = pmmmpams < 1 (=)

1 dim o-[K:Q]
< — dim o [K:Q] <
< (H T ,p_s|> (o) .

peP

where p is the residue character of p and o = R(s). O
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Example (i) Let K = Q, F arbitrary and 9o = 1. Then 09.11.
1
£t =[] == = <o)
PR p

(i) Let K and F be arbitrary and ¢ = 1 then

1

L(F/K,1,5)= ][] NG

p<Ox
is called the Dedekind C-function of K.

(7i) Let K = Q, F = Q((x) and p a 1-dimensional representation of Gal(Q((x)/Q).
Set ¥ : (Z/NZ)* — C* to be ¢(n) = o(0,), where 0,,((x) = (%. Then

1 1
Les= 1] =1l —7=
proli)=1 1 — o(Frob,)p prolo)=1 1 —(p)p

=: (x(s)

1
- LN(T/% S) H s
pIN,o(Ip)=1 L= Q(Frobp)p

e.g. if p is faithful (so o(,) = 1 implies I, = {1}) then L(o,s) = Ln (¢, s).
Proposition 50 Let F/K be a Galois extension of number fields and o a Gal(F/K)-

representation.

(i) If o' is another Gal(F/K)-representation, then
Lie® ¢’ s) = L(e,s) - L(¢d, 5).
(1)) If N < Gal(F/K) lies in ker(o), so that o comes from a representation ¢" of
Gal(F/K)/N = Gal(FN/K), then
L(F/K,o,5) = L(FN/K, ", s).

(11i) Artin Formalism: If o = Indflal(F/K) 0" for a representation " of H <

Gal(F/K), then
L(F/K,0,8) = L(F/FH" 0" 5).

Proof. Sufficient to check each statement prime-by-prime for the local polynomials.

(i) Clear. (Note: (o @ o) = ofr @ o))

(71) We have already proved this — Prop. 34 (for the characteristic polynomial ®) and
Rmk. 47 (for the local polynomial).

(#i) Straight from the definitions using the following lemma. O
Lemma 51 (insert as Thm. 28 (vi)—(viii)) Let F/K be a Galois extension of number

fields, G = Gal(F/K), N <G, primes p<<Ok, s <Opn and q<1Op, where q lies above
s and s lies above p.
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3.5. Artin L-Functions 31

(i) Ds/p —( qa/p )/N
(i) Lsjp = (LgpN)/N.

(iii) If Frob, € Dy, acts as the Frobenius automorphism on Op/q, then Frob, N €
D, acts as the Frobenius on Opn /s.

Proof. (i) Dg, and N both preserve s, so Dy, > (Dq/,N)/N. But

Ca/p Jasp _ | Daypl

€qjsfass  |Daysl

_ [Days| _ [ DajpN|
[Dasp VNI [Dypy|

|D5/p| = €s/pfs/p =

(7)) Similarly, with e instead of ef.

(71) Clear as Opn /s is a subfield of Or/q.
[

Theorem 52 Let F//K be a Galois extension of number fields and o a 1-dimensional
Gal(F/K)-representation. Then:

(i) L(F/K,o,s) has an analytic continuation to C except for a single pole at s = 1
for o =1 (rephrasing Thm. 46).

(ii) If o # 1 then L(p,1) # 0.
Proof. By Prop. 50 (ii), we may assume that F = F*¢_ 1In this case g is faithful and
G = Gal(F/K) must be abelian (o maps it isomorphically to a subgroup of C*).

(i) Is exactly the statement of Thm. 46.

(74) By Prop. 50 (i) and (ii), we have

Cr(s) = L(F/K,Indfy 1,5) = [[ L(F/K, x5 ) TI L(F/K.x.s),
x€G x€G\{1}

where G denotes the set of irreducible representations of G. As both (-functions
have a simple pole at s = 1 and each L(F/K,x, s) is analytic, it follows that no
L(F/K,x,s) can have a zero there. O

Example Suppose a € Ok and amodp is a square in O /p for all primes p (e.g.
a € Z with amod p always a square). Claim: « is a square in Ok.

Otherwise by Kummer-Dedekind applied to X?—a, all p { 2N split in F = K (y/a)/K,
where N = [Op : Og[/a]]. Thus

1

1 1 ?
oo Wi I (ovge) I v

q<OFp p<O0k, p2Na q<OF, q|2Na
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) 1 1
= Il =x= | 1l =7

q2No p2Na

has a simple pole at s = 1.
Exercise Prove this without (-functions.

Example If F//K is cyclic of prime degree p, then infinitely many primes of K remain
prime in F: Otherwise (r(s) = (x(s)?. Euler factor form ramified and inert primes. By
Example Sheet 1, Question 10 there are only finitely many ramified and inert primes.
All factors are not equal to 0 or co at s = 1, so (r(s) would have a pole of order p.

Exercise Deduce that if f(X) € Z[X] is irreducible of prime degree, then f(X)modp
is irreducible for infinitely many primes p.

3.6. Induction Theorems

Theorem 53 (Artin's Induction Theorem) Let G be a finite group and o a G-
representation. Then for some n > 1 there are some subgroups H;, H; < G and
1-dimenstonal representations 1/11,1#2 of H;, H]’-, respectively, such that

o™ & @ Indf, v = P Indfy, 4.
i J

If {0,1) = 0 then all 1;,v; can be chosen to be non-trivial.

Proof*. Write xr for the character of T. We begin with the first statment. Let V
be the Q-vector space of Q-linear combinations if characters of G (in the space of
class functions). Let W be the subspace spanned by Xmag 73 for all cyclic H < G
and 1-dimensional H-representations 7. It will suffice to prove that V' = W, for then
Xo= 2. AiXndg, T;, With A; € Q. Hence ny, = > KiXndy, 7, With n, k; € Z, and so

nXe t+ Z @i XIndy, T; = Z bjXmdz, ;5
with a;,b; € N as required.

Suppose ¥ € W, i.e. <¢7X1ndgT> = 0 for all cyclic H and 1-dimensional T'. By

Frobenius Reciprocity we have <Res§_’} Y, XT> ; = 0 for all 1-dimensional 7" of H. Thus

Res% ¢ = 0. In particular, taking H = (g), shows that (g) = 0. This holds for all
g € G, 501 =0. We obtain Wt =0, so V =W as claimed.

For the second claim take W to be spanned by xma,, with H cyclic and T' # 1 to
be 1-dimensional. It suffices to check that every 1 € W+ isx a multiple of the trivial
character. If ¥» € W+, by Frobenius Reciprocity we know

<1/}7 XIndT> = <ReS§I wa XT> =0
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for all cyclic H and 1-dimensional T # 1. Hence Res% ¢ is a multiple of 1. Taking
H = (g) shows that 1(g) = 1(id). This is true for all g € G, so ¢ is a multiple of
1c. O

Corollary 54 Let F/K be a Galois extension of number fields and o a Gal(F/K)-
representation.

(i) For somen > 1, L(0®",s) has a meromorphic continuation to C. If (0,1) =0 it
18 analytic and non-zero at s = 1.

(ii) If o # 1 is irreducible, then L(p,s) has an analytic continuation to s = 1, where
the function does not vanish.

Proof. (i) For G = Gal(F/K) write

0" & @ ndfj, v = P IndG§ v,
i J

as in Artin’s Induction Theorem. It follows from Prop. 50 that on R(s) > 1 we

have .
I L(nd o, s) T, LOF/F™ 4, s)
N Hz L(Ind¢iv S) B Hz L<F/FHL7¢Z’ 3) .
By Thm. 52 the RHS has a meromorphic continuation to C. If {p, 1) = 0 the v

and 1% can be taken to be non-trivial in which case the RHS is also analytic and
non-zero at s = 1.

L(o,s)"

(i) L(p,s)™ is analytic and non-zero at s = 1 for some n. On R(s) > 1 the function
L(o, s) is an analytic branch of the n'" root of L(p, )", and hence has an analytic
continuation to s = 1 (this not being a branch point). O

Theorem (Brauer's Induction Theorem*) Let G be a finite group and o a G-

representation. Then there are elementary subgroups (i.e. products of cyclic and p-
groups) Hy, H; < G and 1-dimensional representations 1;,; of H;, H} respectively,

such that
0D @ Indy, ¥; = @ Indg; Y.
i J

Corollary (Artin-Brauer*) L(p, s) has a meromorphic continuation to C.

Theorem (Solomon's Induction Theorem*) Let G be a finite group. There are soluble
(in fact quasi-elementary) subgroups H;, Hj‘, such that:

16 P mdf, 1= P ndg, 1.
i J

3.7. Density Theorems

Definition Let S be a set of primes. Then S has Dirichlet density o if 13.11.
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lim —ZPEM P =
s\1 log ﬁ

Example (i) The set of all primes has density 1 (rather by Euler than by Dirichlet).

(74) The set P,y = {p € P : p = a mod N} has density 1/¢(N) whenever
ged(a, N) = 1.

Definition For F'/Q Galois, p a prime of Q unramified in F', write Frob, € Gal(F/Q)
for the Frobenius element Frobg,, for some prime q <t Op above p. Note that it lies in
a well defined conjugacy class of Gal(F/Q) as Froby , = x Frob,, ™" for q' = g*.

Example Let F' = Q((y) and o, € Gal(F/Q) with 0,((x) = (%. For p{ N we have
Frob, = 0, iff p=a mod N (as Frob,({y) = ¢(} mod q and hence Frob,(¢y) = ¢&).
So Dirichlet’s Theorem shows that Py, = {p { N : Frob, = o} has Dirichlet density
| Gal(F/Q)|™!, i.e. Frob, are “uniformly distributed” among Gal(F/Q).

Theorem 55 (Chebotarev's Density Theorem) Let F/Q be a finite Galois extension
and C a conjugacy class of Gal(F'/Q). Then

Pe = {p € P: p unramified in F/Q s.t. Frob, € C}
has Dirichlet density |C|/| Gal(F/Q)].

Proof. For g a representation of Gal(F'/Q) let

Lao.s)= ] Polepr™) ™"

p unram.

By Example Sheet 1, Question 10 only finitely many primes ramify in F/Q, so by
Cor. 54 we know that L. (p, s) has neither a pole nor a zero at s = 1 if p # 1 irreducible,
but L.(p, s) has a simple pole at s = 1 for p = 1. Now write y, for the character of
o. If p is unramified in F//Q (which implies ¢ = o?) and Ay, ..., \q are the eigenvalues
(with multiplicity) of Frob, on ¢. Then

1 1 1
log———— =log =———— = log ——
*Plor™)  CILA— ) Z BT
. —5 1 2 —2s _ X@(FrObZ) —ns
—;)\Zp +2;)\ip —|—...—; - p "

The Dirichlet series N
XQ(Frobp) e
> 2T
n
p unram. n>1

has bounded coefficients, so defines an analytic branch of log L. (g, s) on R(s) > 1 (by
proof of Prop. 43). Now the series is bounded on R(s) > 1 by 2dim o} 75 (see proof
of Cor. 44). So by using the definition we obtain that

fols) = Z Xp(Frob,)p™*

p unram.
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is bounded as s — 1 on R(s) > 1 if p # 1 is irreducible and

1
s—1

fils)= Y p°~log

p unram.

as s — 1. Finally, let I¢(g) be 1 if g € C and 0 else. Then

Z p = Z Ic(Frob,)p™ = Z (Xp: Ic) fo(s)

pePe p unram. P
€]
= ———f1(8) + ,1 s).
Hence P¢ has Dirichlet density % O]

Corollary 56 Let f € Z[X] be a monic irreducible polynomial and G = Gal(f) the
Galois group of the splitting field of f. Then the set of primes p, such that fmodp
factorises as a product of irreducible polynomials of degree dy,...,d, has density

{g € G : g has cycle type (dy,...,d,.) on the roots of f}|
G| '

Proof. The polynomial fmodp has a repreated root (in F,) modulo finitely many
primes p (these divide disc f, the discriminant). For the rest, Frob,, acts as an element of
cylce type (di, ..., d,.) where these are the degrees of the irreducible factors of f mod p.

m
Example Let f be an irreducible quintic polynomial with Galois group Ss5. Then:
(i) The primes p, such that f split into linear factors mod p have density ﬁ.
(i) The primes p, such that fmodp is irreducible have density 510 .

#{5 cycles in S5} = 1.

(73i) The primes p, such that fmod p splits into a product of a quadratic and a cubic

have density 2% = ¢.

Corollary 57 If f € Z[X] is irreducible and monic with deg f > 1, then fmodp has
no root in I, for infinitely many primes p.

Proof. Tt is sufficient to prove that there exists a g € Gal(f) that fixes no root of f.
Let G = Gal(f). Then |G,| = |G|/ deg f (orbit-stabiliser) and each stabiliser contains
the identity, so

|G|
Gq| <d C—
achJot eg f deg f
Hence there is g € G, that fixes no root «. m
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4. Class Field Theory

4.1. The Frobenius Element

Definition An extension F/K is abelian if it is Galois and Gal(F/K) is abelian.
Let F'/K be abelian and p < Ok a prime of K unramified in F//K. Write Frob, =
Frob,(F/K) = Froby, for any prime q < Op of F' above p. Note that this is a well-
defined element of Gal(F/K). A different q would yield a conjugate element, but
Gal(F/K) is abelian.

Remark 58 Note that p (unramified) splits completely iff Frob, = id (or equivalently
iff f, = 1). Note also that if F//L/K is an intermediate field, then Frob,(L/K) is the im-
age of Frob,(F'/K) under the projection Gal(F¥/K) — Gal(L/K) (cf. Lemma 51 (iii)).
In particular, p splits completely in L iff Frob, € Gal(F/L).

4.2. Cyclotomic Extensions

Definition An extension F/K is called cyclotomic if there is N > 1 such that F' C
K(Cy), where (y is a primitive N root of unity. Note that cyclotomic extensions are
abelian:

Gal(K(Cv)/K) < (Z/NZ)".

Lemma 59 Let F'= K((n) and p1 N a prime of K. Then p is unramified in F and

Frob, is the unique element with Frob,({n) = ]]\?(p).

Proof. The polynomial X — 1 has no repeated roots in characteristic pt N (being co-
prime to - (X~ —1)). Let q in F' be a prime above p. Then I, fixes each (y mod q (by
definition), and hence can only contain the identity element (as (,y mod q are distinct).

Thus p is unramified. By Frob,,,(¢y) = Q]\\;(p) mod q we obtain Frobg/,((n) = Cﬁ(p)
(this being the only N*® root of unity with reduction modulo q). m

Lemma 60 Let F' = Q(Cyn).
(i) A prime p ramifies in F/Q iff p| N.
(1) A prime p splits completely in F/Q iff p=1 mod N.
(iii) We have Frob,, = Frob,, iff py = p, mod N, where p1,ps{ N.
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(iv) For primes p;, pj; with p;,p’; 1 N we have:

H Frob,, = H Froby — H P = H p; mod N.
i j i j

(v) The map
¢:{¢€Q:a,beN, (a,N)=(b,N)=1} — Gal(F/Q),

-1
{2 — ([T Frob,,) (H Frobp;)

18 a surjective homomorphism with kernel {% :a=b mod N}.

Proof. (i) By Lemma 59 and second example after Thm. 20.

(7) p splits completely iff p { N and Frob, = id iff p{ N and (}, = (v iff p =1
mod N.

(#i) Straight from (iv).
(iv) (J]Froby,) (Cn) = ]1\_][“ and similarly for p/;.
(v) This is clearly a well-defined homomorphism. The kernel is correct by (iv). The
map is surjective by Dirichlet’s Theorem on Primes in Arithmetic Progressions.
[
Theorem 61 Let F/Q cyclotomic with F = Q({y).
(i) There is N > 1 and H < (Z/NZ)™ such that:
(a) A prime p with pt N splits completely in F iff pmod N € H.
(b) For primes p;, p; with p;,p}; 4 N we have:

[] Frob,, = [[Froby, <= Upi oy
i j '

(c) The map
p:{2€Q:abeN, (a,N)=(bN) =1} — Gal(F/Q),
% — ([ ] Froby,) <H Frobp;)_l

1s a surjective homomorphism with kernel {% mod N € H}

(ii) There is a least N that works; any other N’ will have N | N'. For this N we
have p | N iff p ramifies in F.

(iii) For every N > 1 and H < (Z/NZ)™ there is a unique cyclotomic field giving rise
to (N, H) as above.

Proof. (i) If F = Q(¢y)™ take these N and H.
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a) Follows from Remark 58 and Lemma 59.
b) Ditto.
(¢) Follows from (b) and Lemma 60 (v).

(#) If Ny and N, both work, then p(z) = ¢(y) for x =y mod ged(Ny, N2). So we
can take N = gcd(Ny, Ny) as well. Assuming (iii) we have F' = Q(¢y), so p
ramifies iff Q((v)” € Q(¢) for any m coprime to p (exercise).

(711) Take F' = Q(({n)¥. Uniqueness: If Fy # Fy with Fy, Fy C Q(Cyvar) then F; =
Q(¢nar) ™ with Hy # Hs. Thus different primes split completely in F} and Fy. [

(
(

18.11. Example (i) Let F = Q(¢;), N = 7, (Z/NZ)* = Cs and H = {1}. Then the
primes that split completely in F'/Q are p =1 mod 7; the only ramified prime is
7. For the Frobenius elements we have Froby = Frobys = Frobs; = (Frobs)? etc.

(it) Let I = Q(v/—1) = Q(¢), N = 7 and H = {1,2,4} = C; (the squares
in (Z/7Z)*). Then the primes that split completely in F/Q are p = 1,2,4
mod 7; the only ramified prime is 7. For the Frobenius elements we have Froby =
Froby; = Frobsg = Frobs:Frob;s = id etc. and Frobs = Frobs = Froby; =
(Frobs)3, which is the complex conjugation.

Proposition 62 Let F = K((y).

(i) If p = («) is a prime of K with « = 1 mod N and o(a) > 0 for each real
embedding o : K < R then p splits completely in F/K.

(11) Define
o @Pr” — Gal(F/K)
pIN

by p(p) = Frob,. This gives a homomorphism whose kernel contains

P]{,:{(a)(ﬁ)_lzazﬁ mod N, 0(%) >0V0:K<—>R}.
FEquivalently: if (a)a = (B)b witha = f mod N and 0(%) > 0 for all embeddings
o then ¢(a) = p(b).

Proof. (i) If « =1+ Nt with t € Ok then

N()= ][ ela)= ] (1+Na(t)) =1+ N,

o:K—=C o K—C

where ) is an algebraic integer in Q, i.e. A € Z. Moreover o(1 + Nt) > 0 for all
embeddings o : K < R and o(1+ Nt)a(1+ Nt) > 0 for all pairs o, of complex
conjugates. Thus N(«) > 0 and so

N((a)) =|N(a)]=N(a) =1+ NAX=1 mod N.

Hence Frob,(¢x) = gﬁ(” = (PN = ¢y and so p splits completely.
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4.3. Class Fields 39

(7) Similarly, if @« = k+ Nt, then N(a) = N(k)+NAwith A € Z. Soa = mod N
and hence N(a) = N(f) mod N. If also 0(%) > 0 for all o then N (%) > 0 and

so N(()) = N((8)) mod N. Thus we have ¢§ (@) = (¥, O

®IQ

Example Let K = Q(i), and F = K((3). Then Ok = Z][i] is a UFD. If q = («) with
a =143t t € Z[i, then

N(a)=(1+3t)(1+3t)=14+3(t+t)+9tt=1 mod 3,

so (N — N — ¢ Other cases:
N@2+3t)=4+3(..)=1 mod 3,
N(i+3t)=1i(—i)+3(...)=1 mod 3,
N(@2i+3t)=443(...)=1 mod 3,
N({(1+4)+3t)=1+9)(1—2)+3(...) =2 mod 3,
N((14+2i)+3t)=5+3(...) =2 mod 3,
N((2+2i)+3t)=8+3(...) =2 mod 3.

So let p = (o). If @« = £1,4+¢ mod 3 then Frob, = id; if « = £1 £ ¢ mod 3 then
Frob, : (3 + (3. Now let a = [[pi = (a). If @ = £1,+i mod 3 then [] Frob,, = id;
if « = £14+i mod 3 then [[ Froby, : (3 = ;' Note that (a) = (—a) = (ia) = (—ia),
so =1 and 47 must give equal Frob,, and similar for £1 & 1.

Example Let K = Q(v/-5) with O = Z[v/-5], and F = K((3). The residues
modulo 3 are +1, +v/—5, £1 + /=5, and 0. Of these, +1 + +/—5 are not coprime to
(3). (Note that (3) = psps = (3,1 4+ v/—5)(3,1 — /=5) in Ok, so Ok/(3) = F3 x F;
and (Og/(3))* = Cy x Cy.) We have

N(£1+4+3t)=1 mod 3, and N(£vV-5+3t) =2 mod 3.

So let p = (a) prime. If @« = +1 mod 3 then Frob, = id; if @ = +v/=5 mod 3
then Frob, : (3 — (5 1. But Clx = C,, so what about non-principal ideals? Take
pa = (2,1 + v/=5), the prime above 2. As p2 = (2), we have N(ps)? = N(p3) = 4,
and so N(p2) = 2. Hence Froby, : (3 — (5 = (31 If p is non-principal then pp, is, so
pp2 = (a). Thus
{id7 a=4+v/-5 mod 3,
Frob, = . B
(3= C, a==xl mod 3,

i.e. Frob, is determined by the image of p in the ideals modulo prime ideals that are
congruent to 1 modulo 3 (this is isomorphic to Cy x Cy).

4.3. Class Fields

Definition Let K be a number field. A modulus m is a formal product of an ideal of
Ok and some real embeddings (“real places”) of K:

m:Hp?iHaj =M - M.
i J
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Write

Iy = @pz

pimo

for the group of fractional ideals coprime to mgy, and P} for the ideals of the form

(a)(B)™! with @ = S mod my and 0(%) > 0 for all o | my. Set P, to be the

subgroup generated by the principal ideals coprime to mg = {(«)(3)"'} and P, to be
the principal ideals with a(%) > 0 for all o | my.

Remark Note I, = I, We have:

i IL.Py
PN, P

chKa

where P; are the principal ideals. In fact we have equality. Moreover Py, /Py is
a subgroup of Z/27Z#7M= (again it is in fact equality). We have an isomorphism
Pn/PL = (Ok/mg)*/O% via () — amodmg. Thus I,,/P; is finite.

Definition A congruence subgroup H for m is a subgroup of I, containing P.. An
extension F'/K is a class field for (m, H) if the primes p { m of K that split completely
in [ are exactly those that lie in H.

Example Let K = Q.

(i) Take m = N - oo, where oo is the unique embedding Q < R. Then

In = {Hgf R p;- coprime to N} = {2 :a,b € N coprime to N},
J

b

and P is the subgroup generated by % with @ =b mod N, and § > 0 (equiva-
lently to « =1 mod N, where a € Q). Then we have I,/P} = (Z/NZ)*.

(i1) Take m = N. Then P, is the subgroup generated by (a) with a =1 mod N,
and I,,/Pl = (Z/NZ)" /{%1}.

(111) Take m = 5-00. Then H = P} has field Q((s5). Now let P} < H < I, be of index
2. Then H has class field Q(v/5). (Note that H is given by {1,4} < (Z/5Z)" =
In/Py.)

Example (i) Let K = Q(i) and m = (3). Then [, are the (fractional) ideals
coprime to 3, and P. are those ideals generated by « =1 mod 3. So I,/P) =
(Z[i)/(3))™ J{£1,+i} = Cy, and F = K((3) is a class field for (m, PL).

(i4) Let K = Q(v/—5) and m = (3) = psp}. Since p is a non-principal prime ideal
above 2, we have

I/ Py = Cy x Cy = ([pa], [V/=5]) -
Take H = {id, [p2(v/=5)]}. Then F = K((3) is a class field for (m, H).
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4.4. The Main Theorem of Class Field Theory

Theorem 63 (Takagi-Artin) Let K be a number field.
(i) Every abelian extension F/K is a class field for some (m, H).
(ii) Every (m, H) has a unique class field F'. Moreover F is abelian over K.

(1i1) Among (m, H) in (i) there is a minimal one, in the sense that other (m’, H') have
m | m’. The minimal modulus m is called the conductor of F/K. The primes that
ramify in F/K are precisely those that divide the conductor; moreover the real
embeddings in the conductor are precisely those that extend to complex embeddings
in F.

(iv) Artin Reciprocity Law: If F/K is a class field for (m, H) then the Artin map
¢ : In/Pt — Gal(F/K), ©(p) := Frob,,

18 a surjective homomorphism with kernel H.
Proof. Beyond the scope of this course. n

Corollary 64 (Kronecker-Weber Theorem) All abelian extensions of Q are cyclotomic.

Proof. By Thm. 61, cyclotomic fields are class fields for all possible moduli m = N - oo
and congruence subgroups H. So by uniqueness (in (ii)) and (iii) they exhaust all
abelian extensions which are imaginary (so no subset of R). Hence a general abelian
extension F'/Q has F(i) cyclotomic, so F' is cyclotomic as well. O

Lemma 65 Let m=mg =[], p;" be an ideal of Ok, with p, distinct primes.
(i) We have an isomorphism
(O /m)*/Of — Pu/Py,  ar— (),
where Py is the subgroup of I, generated by principal ideals.

(ii) We have an isomorphism

(O /m)* = [[(Ox/pi)*, 2+ (zmodp}, ... zmodp").

(i) If p is prime then (O /p™)* = Cpi_y X A, where p* = N(p) and A is an abelian
group of order pF=1).

Proof. (i) Let ¢ : (Og/m)* — P,/PL by ¥(a) = (a). Then 1 is well-defined: if
a = B mod m then (a)(8)~' € Pl by definition. For the kernel we see that
(a) € P,1iff there is 8 = v mod m with () = (B8)(y)"" iff there is § = 1
mod m such that (a) = (§) iff there is u € O such that @ = v mod m. Hence
ker¢p = O mod m. Moreover, if § and v are coprime to m, pick § € Ok such
that v0 =1 mod m by the Chinese Remainder Theorem (Thm. 12). Then

Y(B8) = (80) = (B)(v) ' (v0) = (B)(1) " (Pw) ",

Markus Schepke
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thus ¢ is surjective.
(74) This follows from the Chinese Remainder Theorem (Thm. 12).

(iii) By unique factorisation the only ideals of Ok containing p” are p! for [ < n, so
Ok /p"™ has a unique maximal ideal p/p"™. So all = ¢ p/p™ are invertible, hence

|(Ox/p")*] = (0" = 1"V

(Ok/p™)* projects onto (O /p)* = Cpr_y, hence (O /p")* = Cpr_q X A. O

Example Let K = Q(:). If m = (1) then I,,/P. =1 as |Clx| = 1. The class field
of (m, Pl)is K itself. By Thm. 63 (iii) if F//K is an abelian extension unramified at
all primes, it is a class field of ((1), H). Hence there are no such extensions of Q(z)
(except for Q(z) itself).

Example Let K = Q(i). If m = (7) then we have by Lemma 65:
In/ Py = (Z[)/(7))" {1, +i} = Cus/Cs = Cra.

Take I, 2 H D P} with I,/H = C4. Explicitly it is given by the classes of
1,...,6,4,...,6i € (Z[i]/(7))". The class field of (m, H) has Gal(F/K) = I,/H = C,
and is ramified only at (7) by Thm. 63. What is F'? By Kummer theory we have
F = K(/a) for some « € K. Scaling by z", we can assume that o« € Ok and
(o) =[] p;" with 1 < mn; <3. As («) is a fourth power in F', each p; ramifies, so only
p; = (7) is allowed, i.e. a = i?7° with 0 < a,b < 3. We further know that b = 0, 2 can-
not occur as otherwise K (y/a)/K is unramifies at (7) as well. This is a contradicition
to the previous example. (Note that X2 —a has distinct factors modulo 7, so the inertia
group is trivial.) Hence we have w.l.o.g. b = 1 (replace a by £7°), so F = K (V)
with a = 7. We now can either work out the ramification to find that F' = K(/—7)
(since the other ramify at (14 1)), or just compute Frob,, e.g. if p = (z) with v € H
then Frob, = id. Take x = 7 + 2¢ (this is a prime above 53 = (7 + 2¢)(7 — 27)). If
p = (z) then Frob, =id as p € H, so

va = Frob,(va) = \4/553 = a¥Ya = (i"7)'3¢a mod p
= *(—2i)BVa = i*28Va = i"130va = —i*Va  mod p.

(Note that 23 = 30 mod 53.) Hence a = 2, and so F' = K ({/a). Therefore all p = ()
with o = +£1,+2, 43, 44, +2i, +£3i mod 7 split completely in K(/a)/K.

4.5. Ray Class Fields

Definition Let m be a modulus of K. Its ray class group is I,/ PL. Tts ray class field
K. is the class field of (m, PL).

Remark When m = (1) the ray class group is Clx. The corresponding field Ky is
called the Hilbert class field.
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Example Let K =Q and m = N - co. Then K, = Q({yn).

Lemma 66 Let K be a number field and m be a modulus.

(i) Gal(Kn/K) = I/P).

(ii) The class field F of (m, H) lies inside Ky and Gal(Ky/K) = H,' i.e. F = K.
(111) If m | m’ then Ky C Ky

Proof. (i) Follows from Thm. 63 (iv).

(1) K is a class field for (m, H). (Note Frob,(K!/K) =id iff p € H by Rmk. 58.)
Hence it is the class field of (m, H) by uniqueness (Thm. 63 (ii)).

(7i1) Ky is the class field for (m’, Iy N H) where H is the kernel of the Artin map
¢: Iy — Gal(KY/K).
(Note that H 2 PL 2 PL.) Hence K, C Ky by (ii). O

Lemma 67 Let K be a number field and F' = Ky be its Hilbert class field.
(i) Clx = Gal(F/K) (via Artin map [[p — []Frob,).
(i) A prime p of K is principal iff p splits completely in F/K.

(iii) The order of p in Clk is equal to the order of Frob, in Gal(F/K) and f,, the
residue degree of p in F/K.

(iv) F/K is unramified at all primes and all embeddings K — R extend to F' — R.
If L/K is another abelian extension with this property, then L C F.

Proof. (i) Follows from Thm. 63 (iv).
(#1) A prime p is principal iff p € P with m = (1) iff Frob, = id.
(#i) Follows by (i).

(iv) F/K satisfies this property because its conductor is (1) (by Thm. 63 (iii)). Also
L has conductor (1) (by Thm. 63 (i) and (iii)), so is a class field for ((1), H), so
lies in F' (by Lemma 66 (ii)). O

Example Let K = Q(\/—_5), so O = Z[m and Clx = (5. Its Hilbert class
field is F' = K (i) since only 2 and 5 ramify in F'/Q and the primes above these in
K are unramified in F//K. Moreover K has no real embeddings. Hence F' C Ky by
Lemma 67 (iv), and so F' = Ky as Gal(F/K) = Clx by Lemma 67 (i). Explicitly:
Let p 2 be a prime of K. If p = (a + by/=5) then N(p) = a® + 50> = 1 mod 4
since N(p) must be odd. So Frob,(i) = i¥® =i mod p, and hence Frob, = id since
i Z —i mod p as p 1 2. If p is non-principal then p(3,1 + /=5) is, so N(p) -3 =
a’ +5b* =1 mod 4 (again N(p) must be odd). This implies N(p) = 3 mod 4, and
hence Frob, (i) = i"® = —i mod p, i.e. Frob, # id as i Z —i mod p. Thus p has

!Note the abuse of notation H for H/PL.
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residue degree 2 in F//K. Finally p | 2 is non-principal (explicitly p = (2,1 + v/=5)),
and does not split in F//K.

Proposition 68 Let K/k be a Galois extension of number fields and m a modulus of
K with m = gm for all g € Gal(K/k). Then:

(i) Ky is Galois over k.

(it) If n | m then Ky, = GK, for any g € Gal(Ky/k) that projects to g € Gal(K/k).
(iii) p(ga) = gp(a)g~t, where ¢ : I, — Gal(Ky/K) is the Artin map and g, § as in

Proof. Let F/k be the Galois closure of Ky, /k, and q a prime of F' above p. Observe
that
o FI‘Obq/p ol = Frobo(q)/g(p) (4.1)

for o € Gal(F/k).

(1) p splits completely in o Ky, iff o~ 1p splits completely in Ky, iff p splits completely
in K, as the definition of K\, is Gal(F/k)-invariant. Thus oK, is also a class
field for m and so 0 K, = Ky, by uniqueness. Hence K, /k is Galois.

(i) p splits completely in oK, iff Froby, € Gal(F/K,) iff oFroby,oc™" €
Gal(F/oK,) iff Frobs(q) /0 € Gal(F/oK,) iff o(p) splits completely in oK.
Hence oK, is a class field for on and so 0 K, = K.

(#i) Follows by (4.1). O

Remark For the Hilbert class field we have: p is principal iff p splits completely. For
p non-principal Hilbert conjectured that pOp is principal, which turned out to be true.

4.6. Properties of the Artin Map*

Definition Let /K be a Galois extension and K?" the maximal abelian extension of
K in F, so if Gal(F/K) = G then Gal(F/K®) = G’ and Gal(K**/K) = G/G’, where
G' = (aba™'b7! : a,b € G) is the commutator subgroup. The Artin mapArtin map is
defined by

¢r/k  In — Gal(K*/K) = G/G',  p+— Frob, G

Remark If L/K finite, then
H = Gal(FL/L) < Gal(F/K) = G.

(Any automorphism of F'L/K restricts to an automorphism of F'/K; if it acts trivially
on I and on L, then it acts trivially on F'L.) There’s a natural map

H/H' — G/G, hH' — hG'

induced by this inclusion.
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Definition Let F'/K be a Galois extension of number fields and G = Gal(F/K). The
relative norm of an ideal a <t Op is an ideal Np/k(a) < Ok with

NF/K(G)OF = H g(a)

geG

Remark (i) Neyic((0)) = (Neysc(c).
(i) If g lies above p, then
[Ty =(a--a0),

geG

where q; are the primes are the primes above p. So Np/x(q) = pfa, where fq is
the residue degree.

Lemma 69 (*) Let F and L be Galois extensions of K, with FL/L abelian, and m a
suitable modulus (i. e. the conorm of the conductor of K® /K ). Then

SOF/K(NL/K(G)) = SOFL/L(G) -G,
for (a,m) = 1. Equivalently, the following commutes:

PF/K
Iyw———H

wl ]

INwm)—>G/G

<PFL/K

Proof. 1t is enough to check the statement on primes as Ny x is multiplicative. Let q
be a prime of L above p (where p is unramified in F//K). Then:

r/k(Niyk(a)) = ¢(p’) = Frob)’ (F/K) = Froby(FL/L) = ¢(q). O

Corollary 70 (*) Suppose F/K is abelian. If p = Np/i(q), then Frob, = id, for p
unramified in F/K.

Proof.
Frob, = ¢p/k(p) = ¢r/r(q) =id. O

Definition Let H < G be finite groups. The transfer map (or Verlagerung) Ver :
G/G" — H/H' is defined as follows: Let H,,,..., H,, be the right cosets of H in G. If

g€ G, let Hyg=H, . Then

Ver(g H Tigr l H'.
Fact: Ver is a well-defined homomorphism.

Remark We have
Ver(g) = rlgrof(ll) (ra(l)grggl(l)) < 2(1)97 3 1)> : HSQ ;
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where Hs (g) are the H\G/ (g) double cosets, equivalently the (g)-orbits on the H,.,
and f(s) =|Hs(g) |/|H| is the length of the orbit of Hs.

Lemma 71 (*) Let F/K be a Galois extension of number fields, L/K finite and m
the conductor of the maximal abelian extension of K in F. Then

QOFL/L<GOL) = Ver QDF/K(CI)
for (a,m) =1, i.e. the following commutes:

PF/K

In % quar

conorml \L\/er

ImOL PFL/L H/Hl

Proof. 1t is enough to check this on the primes p of K. With notation as in the remark
above and g = Frob,, we have

Ver ppi(p) = Ver Frob, = H s Frobg(s) g1 G H Frob,

SEX qlp

= [ #rr/e(a) = erL/(pOL),
alp

as p is unramified. O

Theorem 72 (Furtwingler*) Let G be a finite group and H = G'. The transfer map
Ver from G to H is trivial, i. e. Ver(q) = id.

Proof. Hard! H

Corollary 73 (Principal Ideal Theorem*) All ideals in a number field K become prin-
cipal in its Hilbert class field, i. e. aOk , = () for some a € Ok,

Proof. Let F' = K(1y. By Prop. 68, F(y) is Galois over K. Let G = Gal(F(;)/K) and
H = Gal(F(1)/F). Note that all subfields L of F{;) are unramified at all primes of K,
and all K < R extend to L < R. As I' = K(;) is the maximal abelian such field we
have H = G'. If p is a prime of K, we have

SOF(D/F(pOF) e VerG%H(Frobp) w id.

Thus pOp is principal by Lemma 67 (ii). So all ideals become principal in Op. O
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A.1. Definitions

Definition A place in a number field K is an equivalence class of (non-trivial) absolute
values on K.

Remark These places come in two flavours:

e The infinite places (corresponding to the archimedian absolute values) come from
embeddings K — R or K — C and taking

|z

{|x|, for real embeddings,

|z|?, for complex embeddings.

Note: Complex conjugate embeddings give the same |z|,. Fact: Each archime-
dian absolute value arises in this way, whereas the rest does not, thus the number
of infinite places is 71 + 7.

e The finite places (corresponding to the non-archimedian absolute values) corre-
spond to the primes in K: If p is a prime, set |z|, = N(p)~ %@ where ord,(z)
for x € O is the power of p in the factorisation of (z) and extended multi-
plicatively to K. Fact: These are inequivalent (for different p) and there are no
others.

Remark Completions: The absolute value | - |, makes K into a metric space. Its
completion K is a complete local field. If v is archimedian then K is R or C. (These
are the “boring” extensions.) Henceforth assume v is a finite place. If K = Q and v
corresonds to p, then K, = Q,. If K is general, v corresonds to g, where q lies above
p. Then | - |, on Q is equivalent to | - |,. Thus K, is a finite extension of Q,,.

A.2. Residue Fields and Ramification

Remark (i) Let K be a number field and v an absolute value corresponding to q.
Then O, C K, are the elements with |z|, < 1, the units Oy are the elements
with |z|, = 1, the (unique) maximal ideal m, of Ok, are the elements with
|z|y < 1, and the associate residue field is k, = O, /m,.

(i) Observe that O C Ok, and q C m,. So the mapping

(’)K/q — OKv/mv
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is both injective (clear as it is a field homomorphism) and surjective (every ele-
ment of K, can be approximated by an element of K). Hence Ok /q = ky, so the
residue field does not change by completing.

(71) If L/K is a finite extension and t is a prime of L above g, then L /K is finite,
fe/qa = fw /v (by above), and e;/q = €y /v (by comparing valuations).

A.3. Galois Groups

Lemma Let F/K be a Galois extension of number fields and q a prime of F above p
with corresponding absolute values w and v, respectively. If g € Dgj, then it preserves
| - |w on F, so it is a topological isomorphism and thus it extends to an automorphism
of Fy,. Hence we obtain a mapping

Dyjp — Gal(Fy/K).
Proposition This is an isomorphism.

Proof. 1t is clear that the mapping is injective. For surjectivity we have
[Daspl = €qpp - Jap = €y fooyv = [Fo : K] = [ Gal(Fy /)]

Observe also that we have Iy, =1, /v (being the element that acts trivially on respec-
tive residue fields). O

A.4. Applications

Proposition (cf. Prop. 22) If f € Ok|X] is Fisenstein with respect to p and « is a
root, then K(«)/K has degree deg f and is totally ramified at p.

Proof. Follows from the corresponding result on the completions. O

Proposition Decomposition groups are soluble.

Proof. Galois groups of finite extensions of Q, are I < G with G/I cyclic and I; < [
with I /1 cyclic, where I; is a p-group. H

Example There are no Cy-extensions of Q whose quadratic subfield is Q((3).

Proof. The extension Q(¢3)/Q is ramified at 3, so the inertia at 3 must be all of Cy. It
is complete at 3 since if you get F,,/Qjs totally ramified and cyclic of degree 4, this is
a tame extension of Q3, so

Gal(Fy,/Q3) — F5,

which is a contradiction. O

As an outlook, there is local class field theory, local reciprocity, and much more.
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Section A

1 Give the definition of a Dedekind domain. Let o be a Dedekind domain with field
of fractions k. Let a be a non-zero fractional ideal in k and define a™! = {z € k|za C 0 }.
Show that a—! is a fractional ideal and that aa~! = o.

2 (i) State and prove the Chinese remainder theorem for o a Dedekind domain.

(ii) Let K/k be a normal extension of algebraic number fields. Let p be a prime of &,
whose factorisation in K is conormp , p = P ... PBy?. Show that Gal(K/k) acts
transitively on the ;.

3 Let K/k be a finite extension of algebraic number fields. Define the relative ideal
norm and prove that it is multiplicative. Let p be a prime of k, whose factorisation in K
is conormpy /i p = P{' ... Py’ Show that [K : k] =Y e; f; where f; is the degree of O/P;
over o/p.

[Properties of the norm for elements may be assumed.)

Section B

4 Let K/k be an extension of algebraic number fields. Let p be a prime of & and P
a prime of K above p.

(i) Let f(X) be a monic polynomial in op[X] and suppose that the reduction
mod p factors as f(X) = ¢1(X)p2(X) where ¢1,¢2 in (0/p)[X] are coprime. Show that
f(X) = [1(X) f2(X) with f,(X) = ¢, (X).

(ii) Suppose ¢ || p and p | e. Show that if a € Og then Trg, /i, (@) € py.

5 Let K/k be an extension of algebraic number fields. Define the relative different
Ok In the case k = Q describe the relationship with the discriminant dy.

(1) For K D L D k show that DK/k = DK/LDL/k-

(ii) State a relationship between the different and ramification. Hence show that if
K1, K5 are Galois over Q with coprime discriminants, then [K1Ks : Q] = [K; : Q][K2 : Q]
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Section C

Write an essay on the Hilbert class field. Illustrate by computing the Hilbert class
field for either Q(v/—23) or Q(v/—30), explaining all necessary working.

[The cubic X® + aX + b has discriminant —4a® — 27b%.]

7 Let m = mym2 with m, ms coprime square-free positive integers. Suppose

my # +my  (mod 9). Show that Q(¢/m) has discriminant —27m?m3. Find a unit in
Q(+/6) and show that this field has class number h = 1.

8 Let K /k be a quadratic extension of algebraic number fields with K totally complex
and k totally real.

(i) Show that [O% : ojpx] = 1 or 2, where D%, o} are the unit groups in K, k,
and pgx is the group of roots of unity in K.

(ii) Show that the class number of k divides the class number of K.

[You may assume any properties of the Hilbert class field you require.]
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(., denotes a primitive nt" root of unity. Og denotes the ring of integers of K.

(i) State the Kummer-Dedekind theorem.

(ii) Let L = Q(«), where « is a root of the monic irreducible polynomial f(X) € Z[X].
Suppose p is a prime number such that f(X) mod p has no repeated roots in the algebraic
closure of F,,. Prove that the index [Of : Z[a]] is coprime to p.

(iii) Determine which primes ramify in Q( v/44)/Q. Justify your answer.

(i) Let F/K be a Galois extension of number fields and p a prime of K. Prove that
the Galois group Gal(F/K) acts transitively on the set of primes of F' above p. Explain
briefly how this may be used to determine the number of primes above p in an intermediate
extension K C L C F, in terms of the decomposition group of a prime above p in F/K.

(ii) Let F = Q(Cs, v/)) for some prime number A. Let g be a prime of F above a prime
p of Q, whose decomposition group in Gal(F/Q) is cyclic of order 2. Show that there are
three primes above p in Q(+/A), and two primes above p in Q(Cs).

3 Define the Dirichlet L-function Ly (1), s) for a Dirichlet character ¢» modulo N, and
state its expression as an Euler product. Prove that if ¢ is non-trivial, then Ly (¢, s) is
analytic on Re(s) > 0 and that Ly(1,1) #0.

Prove Dirichlet’s theorem on primes in arithmetic progressions. You may assume
that for a Dirichlet character 1,

pprime, n>1

converges absolutely on Re(s) > 1 to an analytic branch of the logarithm of Ly (1), s).

(Standard results on convergence of Dirichlet series may be used without proof. You may
also assume that the Riemann (-function has an analytic continuation to C except for a
sitmple pole at s =1.)

Let ' = Q({3,V/3), and let p be the two-dimensional irreducible representation
of Gal(F'/Q) ~ S3. Compute the first ten coeflicients ay,...,a1o of its Artin L-series

L(p,s)=>,ann"".

END OF PAPER
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State and prove the Kummer—Dedekind theorem. Determine which primes ramify
in Q(¢s0)/Q, where (,, denotes a primitive n-th root of 1.

[You may assume that the ring of integers of Q((y) is Z[(n) ]

(i) Let F'/K be a Galois extension of number fields. Let p be a prime of K with
residue field kp, and q a prime of I above p with residue field k4. Prove that the natural
map from the decomposition group of q to Gal(kq/ky) is surjective.

Now let F' = Q((3, ¥/2), where (3 denotes a primitive cube root of 1.
(ii) Prove that no prime of F' has absolute residue degree 6.

(ii) The prime 7 decomposes in Q({3) as p1p2, where p; = ((3+3) and pa = ({3 +3).
Determine the Frobenius element of p; in F//Q((3).

3

Let F = Q(/-2,v/-3), and let p be the regular representation of
Gal(F/Q) ~ Cyx Cy, i.e. the direct sum of its four 1-dimensional representations. Com-
pute the first ten coefficients a1, ..., a1 of its Artin L-series L(p,s) = >_, 51 ann™".
4

State and prove Chebotarev’s density theorem. Prove that for a monic irreducible
polynomial f(X) with integer coefficients, there are infinitely many primes p such that
f(X) mod p has no roots in F,,.

[You may assume that Artin L-functions have meromorphic continuation to C, analytic
on R(s) > 1, that the Riemann (-function ((s) has a simple pole at s = 1, and that L(p, s)
is analytic and non-zero at s =1 for non-trivial irreducible representations p.]

END OF PAPER
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